A k-ranking of a graph G is a labeling of the vertices of G with values from {1, . . . , k} such that any path joining two vertices with the same label contains a vertex having a higher label. The tree-depth of G is the smallest value of k for which a k-ranking of G exists. The graph G is k-critical if it has tree-depth k and any proper minor of G has smaller tree-depth, and it is 1-unique if for every vertex v in G, there exists an optimal ranking of G in which v is the unique vertex with label 1.
Introduction
The tree-depth of a graph G, denoted td(G), is the smallest natural number k such that each vertex of G may be labeled with an element from {1, . . . , k} so that every path joining two vertices with the same label contains a vertex having a larger label. A k-ranking of G is such a labeling. We say that G is (k-)critical if it has tree-depth k and any proper minor of G has smaller tree-depth, and it is 1-unique if for every vertex v in G, there exists an optimal ranking of G in which v is the unique vertex with label 1.
The definition of 1-uniqueness was introduced in [1] , motivated in part by the following two conjectures: Conjecture 1.1 ( [2] ). Every critical graph with tree-depth k has at most 2 k−1 vertices. Conjecture 1.2. Every critical graph with tree-depth k has maximum degree at most k − 1.
The paper [1] presents the following additional conjecture and shows that it implies Conjecture 1.2: Conjecture 1.3. All critical graphs are 1-unique.
Results in [1] also show how critical, 1-unique graphs may be used to inductively construct larger critical graphs with a prescribed tree-depth. In order to begin, it is necessary to have identified some critical, 1-unique graphs. The purpose of this note is to present a few classes of such graphs.
In the following, let V (G) denote the vertex set of a graph G. The order of G is given by |V (G)|. Given a vertex v of G, let G − v denote the graph resulting from the deletion of v. Similarly, given a set S ⊆ V (G) or an edge e of G, let G − S and G − e respectively denote the graph obtained by deleting all vertices in S or by deleting edge e from G. We indicate the disjoint union of graphs G and H by G + H, and we indicate a disjoint union of k copies of G by kG. We use p 1 , . . . , p k to denote a path from p 1 to p k , with vertices listed in the order the path visits them; the length of such a path is k − 1, the number of its edges. We use K n , P n , and C n to denote the complete graph, path, and cycle with n vertices, respectively.
Families of 1-unique Critical Graphs
We now present some families of graphs that are both critical and 1-unique. We recall a few results from [1] , as well as facts about tree-depths of paths and cycles.
A vertex v in a graph G is 1-unique if there exists an optimal ranking of G where v is the unique vertex with rank 1. If v is any vertex in a graph G, a star-clique transform at v removes v from G and adds edges as necessary so that N G (v) becomes a clique. [1] ). If G is 1-unique and has tree-depth k, and deleting any edge of G results in a graph with a lower tree-depth, then G is k-critical.
Lemma 2.3 ( [3, 4] ). For n ≥ 1, td(P n ) = log 2 n + 1, and for n ≥ 3, td(C n ) = log 2 (n − 1) + 2.
Lemma 2.4. For all integers k ≥ 1, the graphs K k , C 2 k−2 +1 , and P 2 k−1 are both k-critical and 1-unique.
Proof. Fix a natural number k. It is easy to see that K k is k-critical. Since each vertex receives a different color in any ranking, by symmetry each vertex is 1-unique.
Looking at the values of td(P n ) and td(C n ) in Lemma 2.3, we see that deleting or contracting any edge of C 2 k−2 +1 or P 2 k−1 lowers its tree-depth from k. It follows from Theorem 2.1 that a vertex of degree 1 or 2 in a critical graph is 1-unique. Thus C 2 k−2 +1 and P 2 k−1 are 1-unique.
We now present another family of 1-unique critical graphs. For each k ≥ 3 and t such that 0 ≤ t ≤ 2 k−2 − 2, let R k,t be the graph obtained by taking a path with 2 k−2 + 1 + t vertices and adding an edge between the two vertices at distance t from the endpoints. As illustrated in Figure 1 , R k,t contains a cycle with 2 k−2 + 1 − t vertices and two attached paths of length t; note that R k,0 = C 2 k−2 +1 . Lemma 2.5. For integers k ≥ 3 and t such that 0 ≤ t ≤ 2 k−2 − 2, the graph R k,t is k-critical and 1-unique.
Proof. Let m = 2 k−2 + 1 − t. Then R k,t can be thought as a cycle of order m with two pendant paths of length t. By Lemma 2.4 it suffices to assume that t ≥ 1 and hence m ≤ 2 k−2 .
We show that td(R k,t ) ≥ k by showing that deleting any vertex x leaves a subgraph with tree-depth at least k − 1. Now R k,t has a unique path of order m + 2t. Denote its vertices 1, . . . , m + 2t in order. If x is not a vertex of degree 2 on the cycle, then x ∈ {1, . . . , t + 1} ∪ {m + t, . . . , m + 2t}. Thus R k,t − x has a path of order t+m−1 = 2 k−2 , which has tree-depth k−1. Suppose henceforth that t+1 < x < m+t. If t + 1 ≥ 2 k−3 , then R k,t − x contains a path of order 2(t + 1) ≥ 2 k−2 , so we also assume that t + 1 < 2 k−3 .
Let p = 1 + log 2 (t + 1) ; then 2 p−1 ≤ t + 1 < 2 p . We will exhibit a collection of 2 k−2−p paths of order 2 p , none of which contain x, that together induce a tree with tree-depth k − 1.
p where 1 ≤ a ≤ t + 1, then we begin the collection with the two paths 1, . . . , 2 p and m + 2t − 2 p + 1. . . . , m + 2t . Suppose that we add to this collection i paths of order 2 p covering vertices 
p , the vertices of the cycle not covered by one of these paths are t + 2 + i2 p , . . . , 2 p + i2 p . Clearly we may choose i so that x is one of these uncovered vertices.
Let C denote our collection of 2 k−2−p paths of order 2 p that avoid x. By [2, Lemma 2], for any t ≥ 1, adding a single edge joining two t-critical graphs creates a (t + 1)-critical graph. Note that each path in C is joined to one or two other paths in C by edges of the cycle from R k,t ; let E denote the edges in R k,t − x that join vertices in distinct elements of C. Since the cycle in R k,t is reduced to a path in R k,t − x, these cycle edges naturally assign a linear order to the paths in C. Joining the first two of these paths with the appropriate edge from E creates a tree with tree-depth p + 2, as does joining the third and fourth, fifth and sixth, and so on. Further adding the edge from E joining the second and third (sixth and seventh, etc.) trees creates an induced subgraph with tree-depth p + 3. Continuing in this way, because the number of paths in C is 2 k−2−p , adding to the paths in C all edges from E results in an induced subgraph of R k,t − x with tree-depth (p + 1)
Deleting a vertex of degree 3 yields two paths of orders m + t − 1 and t. By our assumptions on m and the definition of t, we know that m + t − 1 = 2 k−2 and t ≤ 2 k−2 − 2, so these two paths have tree-depth less than or equal to k − 1. Thus td(R k,t ) ≤ k.
If x is any vertex, then x lies on a path of order 2 k−2 when the farther vertex of degree 3 (call it y) is deleted. By Lemma 2.4, there is a ranking of P 2 k−2 with k − 1 colors such that vertex x is the unique vertex with color 1. The other path in R k,t − x has tree-depth at most k − 2, so it has a ranking using colors 2, . . . , k − 1. Use the colors on these paths for the corresponding vertices of R k,t , and assign color k to the vertex y. The result is an optimal ranking of R k,t where x is the unique vertex colored 1. Hence R k.t is 1-unique.
To show that R k,t is critical, by Theorem 2.2 it suffices to show that the tree-depth decreases when any edge is deleted. Deleting any edge e on the cycle of R k,t leaves a tree. By [2, Theorem 2] and induction, all k-critical trees have order 2 k−1 . Since R k,t − e has order m + 2t = 2 k−1 + 2 − m and m ≥ 3, td(R k,t − e) < k. Deleting an edge not on the cycle yields two components, each of which is a proper induced subgraph of R k,t . Since R k,t is 1-unique, deleting any vertex of R k,t results in a graph with a lower tree-depth (since we may obtain a (k − 1)-ranking by taking a k-ranking where the chosen vertex is the unique vertex receiving label 1, deleting that vertex, and dropping the labels on all remaining vertices by 1). Hence any proper subgraph has tree-depth less than k; it follows that td(R k,t − e) < k.
Before describing our final class of 1-unique critical graphs, we recall a theorem from [1] that will be used many times. Given a graph G and a subset S of its vertex set, let G S denote the graph with vertex set S in which vertices u and v are adjacent if they are adjacent in G or if some component of G − S has a vertex adjacent to u and a vertex adjacent to v.
Furthermore, td(G) = td(G T ) + td(G − T ) if and only if there exists an optimal ranking of G in which the vertices in T receive higher colors than the vertices outside T .
Consider now a graph Q constructed in the following way: Given k ≥ 1 and s ∈ {1, . . . , k}, let H 0 be a complete graph with s vertices, and for some q ∈ {1, . . . , s}, and let H 1 , . . . , H q be vertex-disjoint complete graphs, each with k − s vertices. Given a partition π 1 + · · · + π q of s into positive integers, choose a partition B 1 , . . . , B q of the vertices of H 0 so that |B i | = π i for all i, and form Q by adding to the disjoint union H 0 + H 1 + · · · + H q all possible edges between vertices in B i and vertices of H i , for all i.
Call the class of all graphs built in this way Q k,s . Note that Q k,s has as many nonisomorphic graphs as there are integer partitions of s. We now show that, as in these examples, graphs in Q k,s are critical.
Lemma 2.7. Every graph in Q k,s is k-critical and 1-unique.
Proof. The claim was established for the case s = k in Lemma 2.4, so assume that s < k. We prove that td(Q) = k for every graph Q in Q k,s by induction on k. When k = 2, the only graph in Q k,s is K 2 , which by Lemma 2.4 is 2-critical and 1-unique. Now suppose the claim is true for the families Q k ,s for all values of k less than k. Let Q be an arbitrary element of Q k,s . We show that Q is k-critical and 1-unique.
Let q and H i , B i (1 ≤ i ≤ q) be the parameter and sets involved in the construction of Q as described above. To see that td(Q) ≤ k, we observe from Theorem 2.6 that
To see that td(Q) ≥ k, we show that deleting any vertex from Q leaves a graph having a subgraph with tree-depth at least k − 1. If v is a vertex from H j for some j, then let Q be the graph resulting from deleting a vertex from every clique H i , with v being the vertex deleted from H j . Note that Q is a subgraph of Q − v that belongs to Q r−1,s . If v is a vertex from B j , then Q − v has a component Q that belongs to Q k,s−1 (or is K k−1 , if s = 1). In both cases Q and Q have tree-depth k − 1 by the induction hypothesis or Lemma 2.4.
With Q again representing an element of Q k,s , we now show that every vertex of Q is 1-unique. Let v be a vertex of Q, and let R be the graph resulting from a star-clique transform on Q at v. We show that td(R) < k. Thus R has tree-depth at most k − 1, and it follows from Theorem 2.1 that G is 1-unique. We complete the proof by showing that Q is k-critical. By Theorem 2.2, it suffices to show that for any edge e of Q, deleting e lowers the tree-depth. Let Q = Q − e. 
